Published by Institute of Physics Publishing for SISSA/ISAS Received: December 16, 2003 Accepted: December 21, 2003

The geometry of D = 11 null Killing spinors

Jerome P. Gauntlett^∗

Perimeter Institute for Theoretical Physics Waterloo, ON, N2J 2W9, Canada E-mail: jgauntlett@perimeterinstitute.ca

Jan B. Gutowski

Mathematical Institute Oxford, OX1 3LB, U.K.

E-mail: gutowski@maths.ox.ac.uk

Stathis Pakis

Blackett Laboratory, Imperial College London, SW7 2BZ, U.K.

E-mail: s.pakis@imperial.ac.uk

Abstract: We determine the necessary and sufficient conditions on the metric and the four-form for the most general bosonic supersymmetric configurations of D = 11 supergravity which admit a null Killing spinor i.e. a Killing spinor which can be used to construct a null Killing vector. This class covers all supersymmetric time-dependent configurations and completes the classification of the most general supersymmetric configurations initiated in [1].

Keywords: M-Theory, Supergravity Models.

∗On leave from: Blackett Laboratory, Imperial College, London, SW7 2BZ, U.K.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep122003049 /jhep122003049 .pdf

Contents

1. Introduction 1

2. Killing spinors and differential forms 3

3. The geometry of null Killing spinors 6 3.1 Necessary conditions 6 3.2 Sufficiency 9 3.3 Summary 11 3.4 Conditions for supersymmetric solutions 12

4. Introducing co-ordinates 12 4.1 Summary 15

5. Examples 16 5.1 Membranes and their resolution 16 5.2 The fivebrane 17

6. Configurations with vanishing flux 18

7. Conclusions 20

A. Conventions 20

B. Algebraic relations of D = 11 spinors 21 B.1 An explicit representation of Cliff(10, 1) 24

C. Spin(7) Identities 24

D. Spin connection components 25

1. Introduction

Supersymmetric bosonic solutions of supergravity theories have been important in many developments in string/M-theory. Recently there has been significant progress in determining the most general kinds of geometries that underly all such solutions of a particular theory [1]–[5]. In addition to providing a deeper understanding of known classes of solutions, this analysis is useful in precisely characterising geometries of interest when explicit solutions are difficult to come by. Thus, for example, a uniqueness theorem for a class of

– 1 – supersymmetric black holes was found in [6]. This analysis also provides new techniques for constructing explicit solutions that have been hitherto missed by other approaches based on guessing ansatzë.

The basic idea is to translate the condition for supersymmetry, the existence of a Killing spinor, into differential conditions on the tensors that can be constructed as bilinears from the Killing spinor. This approach was first employed by Tod some time ago [7, 8], following [9], to analyse N=2 supergravity in D = 4. For the case of the minimal supergravity theory, using features specific to D = 4, it was possible to explicitly construct the most general supersymmetric solutions. In higher dimensions, it is not possible to find all of the solutions in closed form but nevertheless, a precise description of the geometry can be made.

One of the most interesting supergravity theories to study is D = 11 supergravity as it describes the low-energy limit of M-theory. In [1], a programme for classifying all supersymmetric solutions of D = 11 supergravity was outlined based on the above strategy. A key observation of [1] is that in organising the calculations it is very useful to note that the Killing spinors define a privileged G-structure. That is, in this case, a reduction of the Spin(10, 1) frame bundle to a G-sub-bundle (for some general mathematical discussion on G-structures see e.g. [10]). The utility of G-structures in analysing restricted classes of supergravity solutions has also been shown in [11]–[22] (see also [23, 24]).

One general feature of the results of [1] is that generalised calibrations [25]–[27] naturally emerge from the conditions for supersymmetry. This was noticed earlier for a restricted class of configurations of D=10 supergravity in [12], and is related to the fact that supersymmetric geometries with non-vanishing fluxes arise when branes wrap calibrated cycles in special holonomy manifolds, after taking the back reaction into account. It was shown in [28] that the connections with generalised calibrations found in [1] lead to a simple proposal for the topological charges appearing in the supersymmetry algebras of membranes and fivebranes propagating in general supersymmetric backgrounds.

The most general supersymmetric solutions of D = 11 supergravity preserve at least one supersymmetry and hence admit at least one Killing spinor. However, there are two kinds of spinors of Spin(10, 1) which are distinguished by whether the vector that can be constructed as a bi-linear from the spinor is time-like or null [30]. Moreover, the vector constructed from the Killing spinor is necessarily Killing. Consequently there are two kinds of supersymmetric solutions of D = 11 supergravity: those admitting a “time-like Killing spinor”, which can be used to construct a time-like Killing vector, and those admitting a “null Killing spinor”, which can be used to construct a null Killing vector.^1 Supersymmetric solutions with a single time-like Killing spinor were analysed in detail in [1]. It was shown that the Killing spinor defines a preferred SU(5)-structure and this was used to determine the most general local form of the metric and the four-form field strength. The focus of this paper will be to perform a similar analysis for supersymmetric solutions

1Note that geometries preserving more than one supersymmetry can be in both classes. Also note, for example, that it is a priori possible for a geometry preserving just one supersymmetry to be in the null class and also admit a time-like Killing vector, but the time-like Killing vector will not be built from the Killing spinor.

– 2 – admitting a null Killing-spinor. These solutions have a (Spin(7) ⋉ R^8) × R structure, which can be used to determine the general local form of the solutions. It is worth emphasising that since all of the solutions in the time-like class are stationary, in this sense any timedependent supersymmetric solutions are necessarily in the null class.

The results of this paper and [1] therefore provide a classification of the most general supersymmetric solutions of D = 11 supergravity, preserving at least 1/32 supersymmetry. This classification can in principle be refined [1] by analysing the additional conditions placed on the geometries preserving more than one supersymmetry. For example, if the geometry preserves two supersymmetries, the two Killing spinors could both be null, both time-like or be one of each. These solutions will thus be special cases of the geometries presented here, or in [1] (or both), satisfying extra constraints. Similarly, solutions preserving more supersymmetries will be further restricted. It will be very interesting to pursue this further. It is noteworthy that the classification of maximally supersymmetric configurations has already been carried out in [29] using methods specific to this case.

The plan of this paper is as follows. In section 2 we evaluate the algebraic and differential identities which the various bi-linears constructed from a null Killing spinor must satisfy. In section 3 we use these expressions to constrain the eleven-dimensional geometry and to fix almost all of the components of the four-form. We also demonstrate that these necessary conditions are in fact sufficient by demonstrating that the configurations always admit a Killing spinor. For the convenience of the reader we have summarised the main results of this section in section 3.3. In section 4 we introduce local co-ordinates on the eleven-dimensional manifold in which the constraints take a rather simple form. In particular, we show that the Spin(7) invariant 4-form must be conformally anti-self-dual. We again summarise the main result of this section in a separate sub-section. We demonstrate in section 5 how the resolved membrane solution of [34], the 1/32 supersymmetric membrane/wave solution of [35], and the basic fivebrane solution can be obtained from our construction. This provides non-trivial checks on our calculations as well as providing some intuition into the kinds of (Spin(7) ⋉ R^8) × R structures allowed by supersymmetry. In addition, the formalism allows us to generalise the resolved membrane solution by the addition of a gravitational wave thus combining the solutions of [34, 35]. In section 6 we analyse the special case when the four-form vanishes, recovering the general local-form for the solution found in [30]. Section 7 briefly concludes. The paper finishes with several appendices A–D containing some useful technical information.

2. Killing spinors and differential forms

The bosonic fields of D = 11 supergravity consist of a metric, g, and a three-form potential C with four-form field strength F = dC. The action for the bosonic fields is given by S = 1 2κ^2 ∫ d^{11}x √ −gR − 1 2 F ∧ ∗F − 1 6 C ∧ F ∧ F . (2.1)

– 3 –

The equations of motion^2 and the Bianchi identity are thus given by R_{μν} − 1 12 ( F_{μσ1 σ2σ3} F_ν^{σ1σ2σ3} − 1 12 g_{μν} F^2 ) = 0 d ∗ F + 1 2 F ∧ F = 0 dF = 0 , (2.2)

where F^2 = F_{μ1μ2μ3μ4} F^{μ1μ2μ3 μ4} . A solution of these equations preserves at least one supersymmetry if it admits at least one Killing spinor, ϵ, which solves ∇_μϵ + 1 288 [Γ_μ^{ν1ν2ν3ν4} − 8δ^{ν1}_μ Γ^{ν2ν3ν4} ]F_{ν1ν2ν3ν4} ϵ = 0 . (2.3)

Our conventions are outlined in appendix A.

Consider a configuration (g, F ) that admits a single Killing spinor ϵ. We can then define the following one-, two- and five-forms:

K_μ = ϵ̄Γ_μϵ Ω_{μ1μ2} = ϵ̄Γ_{μ1μ2} ϵ Σ_{μ1μ2μ3μ4μ5} = ϵ̄Γ_{μ1μ2μ3μ4μ5} ϵ . (2.4)

Note that in the above construction we take ϵ to be a commuting spinor. Of course the supersymmetry parameter is an anticommuting spinor but since we are interested in purely bosonic supersymmetric configurations the only relevant supersymmetry variation is that of the gravitino which yields the Killing spinor equation. This is linear in the spinor and hence the existence of a commuting Killing spinor is equivalent to the preservation of a supersymmetry. As noted in [1], using an argument presented in [6], we can assume without loss of generality that ϵ is nowhere vanishing. If there is more than one linearly independent Killing spinor, then additional forms including scalars, three and four-forms can also be defined. However, here we shall only consider the most general case of a single Killing spinor.

These differential forms are not all independent. They satisfy certain algebraic relations which are consequences of the underlying Clifford algebra. The traditional way of obtaining these is by repeated use of Fierz identities and some were presented in [1]. Alternatively we can use the fact that the forms, or equivalently the Killing spinor, give rise to privileged G-structures with G ⊂ Spin(10, 1). Indeed it was argued in [1], using results of [30], that there are two possibilities. If K is null everywhere then the forms give rise to a globally defined (Spin(7) ⋉ R^8) × R structure. If K is timelike at a point, on the other hand, then it is timelike in a neighbourhood of this point and the forms then define a privileged SU(5) structure in this neighbourhood. It is not possible to have a spacelike K.

2Note that in M-theory, the field-equation for the four-form receives higher order gravitational corrections given, in our conventions, by [1, equation (2.4)]. Since most of our analysis only concerns the Killing spinor equation given here in (2.3), including this correction at the level of the gauge equations of motion is straightforward.

– 4 –

The necessary and sufficient conditions for a configuration (g, F ) to admit time-like Killing spinors were analysed in [1]. Here we will focus on the null case. It is therefore convenient to work in a null basis

ds^2 = 2e^+e^− + e^ie^i + e^9e^9 (2.5)

with i = 1, . . . , 8 and K = e^+ . (2.6) We choose an orientation such that ϵ_{+−123456789} = −1. The most convenient way to determine the forms Ω and Σ for null spinors is to construct them from a specific null spinor. Such a spinor can be fixed by demanding that it satisfies the following projections^3

Γ_{1234}ϵ = Γ_{3456}ϵ = Γ_{5678}ϵ = Γ_{1357}ϵ = −ϵ Γ^+ϵ = 0 . (2.7)

Note that these conditions automatically imply that Γ^9ϵ = ϵ. It is then straightforward to deduce that

Ω = e^+ ∧ e^9 Σ = e^+ ∧ ϕ , (2.8)

where ϕ =^1_{4!} ϕ_{i1i2i3i4} e^{i1i2i3i4} is the Spin(7) invariant four-form whose only non-vanishing components are given by

−ϕ = e^{1234} + e^{1256} + e^{1278} + e^{3456} + e^{3478} + e^{5678} + + e^{1357} − e^{1368} − e^{1458} − e^{1467} − e^{2358} − e^{2367} − e^{2457} + e^{2468} . (2.9)

Observe that the action of (Spin(7) ⋉ R^8) ⋉ R on the basis 1-forms is given by

e^+ → (e^+)^′ = e^+ e^− → (e^−)^′ = e^− − 1 2 (α^2 + p_ip^i)e^+ − αe^9 − Q_{ij}p^ie^j e^9 → (e^9)^′ = e^9 + αe^+ e^i → (e^i)^′ = Q^i_je^j + p^ie^+ , (2.10)

where Q ∈ Spin(7), and p_i = δ_{ij}p^j ; in particular, we see that these transformations not only preserve the metric but also K, Ω and Σ.

In appendix B we present an alternative derivation of these results using Fierz identities; in particular this provides an independent check of some of the results of [30].

3From a physical point of view these projections are equivalent to those arising when a fivebrane wraps a Cayley four-cycle [31]. Corresponding supergravity solutions were presented in [32].

– 5 –

The covariant derivatives of the differential forms were calculated in [1]. The result for both the timelike and the null case is:

∇_μK_ν = 1 6 Ω^{σ1σ2} F_{σ1 σ2μν} + 1 6! Σ^{σ1σ2σ3σ4σ5} ∗ F_{σ1σ2σ3σ4σ5μν} (2.11) ∇_μΩ_{ν1ν2} = 1 3.4!

g_{μ[ν1} Σ_{ν2]}^{σ1σ2σ3σ4} F_{σ1σ2σ3σ4} + 1 3.3!

Σ_{ν1ν2}^{σ1σ2σ3} F_{μσ1 σ2σ3} − − 1 3.3!

Σ_{μ[ν1}^{σ1σ2σ3} F_{ν2]σ1σ2σ3} + 1 3 K^σF_{σμν1 ν2} (2.12)

∇_μΣ_{ν1ν2ν3ν4ν5} = 1 6 K^σ ∗ F_{σμν1 ν2ν3ν4ν5} − 10 3 F_{μ[ν1ν2ν3} Ω_{ν4ν5]} − 5 6 F_{[ν1ν2ν3ν4} Ω_{ν5]μ} − − 10 3 g_{μ[ν1} Ω_{ν2}^σF_{|σ|ν3ν4ν5]} + 5 6 F_{μ[ν1|σ1σ2|} ∗ Σ^{σ1σ2}_{ν2ν3ν4ν5]} + + 5 6 F_{[ν1ν2|σ1σ2|} ∗ Σ^{σ1σ2}_{ν3ν4ν5]μ} − 5 9 g_{μ[ν1} F_{ν2|σ1σ2σ3|} ∗ Σ^{σ1σ2σ3}_{ν3ν4ν5]} . (2.13)

The exterior derivatives of the forms are thus given by dK = 2 3 i_ΩF + 1 3 i_Σ ∗ F (2.14) dΩ = i_K F (2.15) dΣ = i_K ∗ F − Ω ∧ F , (2.16)

where e.g. (i_ΩF )_{μν} = (1/2!)Ω^{ρ1 ρ2} F_{ρ1ρ2μν} .

From the first equation in (2.11) we can immediately deduce that K is a Killing vector. Moreover, using the Bianchi identity, it is simple to show that

L_K F = 0 . (2.17)

Thus any geometry (g, F ) admitting a Killing spinor possesses a symmetry generated by K. In addition, the Lie-derivatives of Ω and Σ with respect to K also vanish:

L_K Ω = 0 L_K Σ = 0 . (2.18)

3. The geometry of null Killing spinors

Our aim is to extract from the differential conditions (2.11), (2.12) and (2.13) the necessary and sufficient conditions on the geometry and the four-form field strength in order that they admit null Killing spinors. In the next two subsections we derive the necessary conditions and then show that they are sufficient. In the third subsection we have summarised the results. The final brief subsection states the extra conditions required in order that the configuration also solves the equations of motion.

3.1 Necessary conditions

We will need to decompose various forms carrying totally anti-symmetric SO(8) representations into Spin(7) reps. If we denote by Λ^p the space of p-forms constructed from e^i only,

– 6 – we have the following decompositions:

Λ^1 : 8 → 8 Λ^2 : 28 → 21 + 7 Λ^3 : 56 → 48 + 8 Λ^4 : 70 → 35 + 1 + 7 + 27 . (3.1)

For two-forms the projections can be written explicitly as

(P^{21}α)_{i1 i2} = 3 4 ( α_{i1i2} + 1 6 ϕ_{i1i2}^{j1j2} α_{j1j2} )

( P^7α ) i_1i_2 = 1 4 ( α_{i1i2} − 1 2 ϕ_{i1i2}^{j1j2} α_{j1j2} ) . (3.2)

For three-forms we have, ( P^{48}α ) i_1i_2i_3 = 6 7 ( α_{i1i2i3} + 1 4 ϕ^{j1j2}_{[i1i2} α_{i3]j1j2} )

( P^8α ) i_1i_2i_3 = 1 7 ( α_{i1i2i3} − 3 2 ϕ^{j1j2}_{[i1i2} α_{i3]j1j2} ) . (3.3)

For four-forms the 35 is the anti-self-dual piece, while ( P^1α ) i_1i_2i_3i_4 = 1 336 ϕ_{i1i2i3i4} ϕ^{j1j2j3j4} α_{j1j2j3j4} ( P^7α ) i_1i_2i_3i_4 = 1 8 α_{i1i2i3i4} + 1 224 ϕ_{i1i2i3i4} ϕ^{j1j2j3j4} α_{j1j2j3j4} − − 3 224 ϕ^{j1j2}_{[i1i2} ϕ_{i3i4]}^{j3j4} α_{j1j2j3j4} + 5 168 ϕ^{j1}_{[i1i2i3} ϕ_{i4]}^{j2j3j4} α_{j1j2j3j4} ( P^{27}α ) i_1i_2i_3i_4 = 3 8 α_{i1i2i3i4} − 1 224 ϕ_{i1i2i3i4} ϕ^{j1j2j3j4} α_{j1j2j3j4} + + 15 224 ϕ^{j1j2}_{[i1i2} ϕ_{i3i4]}^{j3j4} α_{j1j2j3j4} + 1 56 ϕ^{j1}_{[i1i2i3} ϕ_{i4]}^{j2j3j4} α_{j1j2j3j4} . (3.4)

The identities satisfied by ϕ that we used to construct these projections, as well as various identities satisfied by the forms in different representations are presented in appendix B. Note that as far as we know, the projections for the four-forms are new.

By analyzing the expressions (2.14), (2.15) for dK and dΩ we immediately find that some components of the flux must vanish:

F_{−i1i2i3} = 0 F^7_{−i1i29} = 0 . (3.5)

In addition we get

dK = de^+ = ( − 2 3 F_{+−i9} + 1 3 1 3! ϕ_i^{j1j2j3} F_{j1j2j39} ) e^{+i} + + 1 3 ( 1 4! ϕ^{i1i2i3i4} F_{i1i2i3i4} ) e^{+9} + 1 2 (F_{−i1i29}) e^{i1i2} . (3.6)

– 7 –

Note that K satisfies K ∧ dK = 1 2 (F_{−i1i29})e^{+i1i2} (3.7)

which implies that K is not hyper-surface orthogonal in general.^4

To proceed it is useful to write the constraints on F in terms of the spin connection ω defined by (∇_αe^β )_λ ≡ −ω_α^β_λ . (3.8)

In particular, as K is Killing, we have

ω_{(αβ)−} = 0 (3.9)

and (3.6) can be rewritten as ω_{+i−} = − 1 3 F_{+−i9} + 1 36 ϕ_i^{j1j2j3} F^8_{j1j2j39}

ω_{+9−} = 1 144 ϕ^{i1i2i3i4} F^1_{i1i2i3i4} ω_{i1i2−} = 1 2 F_{−9i1i2} ω_{i9−} = 0 . (3.10)

Next we examine (2.12). This implies the following additional relationships between the spin connection and the gauge field strength:

(∇_+Ω)_{+i} ⇒ ω_{+9i} = − 1 12 ϕ_i^{j1j2j3} F^8_{+j1j2j3}

(∇_+Ω)_{i1i2} ⇒ F^7_{+−i1i2} = 1 24 ϕ^{j1j2j3}_{[i1} F^7_{i2 ]j1j2j3}

(∇_−Ω)_{+i} ⇒ ω_{−9i} = 0

(∇_{i1} Ω)_{+i2} ⇒ ω_{i1i29} = − 1 144 δ_{i1i2} ϕ^{j1j2j3j4} F^1_{j1j2j3j4} + 1 12 ϕ_{(i1}^{j1j2j3} F^{1+35}_{i2)j1j2j3} + 1 2 F_{+−i1i2} (∇_9Ω)_{+i} ⇒ ω_{99i} = − 1 18 ϕ_i^{j1j2j3} F^8_{9j1j2j3} − 1 3 F_{+−9i} . (3.11) We now turn to the conditions arising from derivatives of Σ. From (2.16) we obtain 1 5! ϵ_{i1i2i3}^{j1j2j3j4j5} (dϕ)_{j1 j2j3j4j5} = − 2 3 F_{+−9j} ϕ^j_{i1i2i3} + 2 3 F_{i1i2i39} − 1 2 F_{j1j29[i1} ϕ^{j1j2}_{i2i3]} . (3.12)

In fact this equation fixes ω^7_{ij1j2} ≡^1_4 (ω_{ij1j2} −^1_2 ϕ_{j1j2}^{k1k2} ω_{ik1k2} ). To see this define ψ_{i1i2i3} ≡ 1 5! ϵ_{i1i2i3}^{j1j2j3j4j5} (dϕ)_{j1 j2j3j4j5} (3.13)

then using (C.2) we deduce

ψ_{i1i2i3} = −ϕ^k_{i1i2i3} ω^j_{jk} + 3ϕ_{j1j2[i1i2} ω^{j1j2}_{i3]} = −ϕ^k_{i1i2i3} ω^{7j}_{jk} + 3ϕ_{j1j2[i1i2} ω^{7j1j2}_{i3]} . (3.14)

4In the most general supersymmetric geometries of D = 6 minimal supergravity there is always a null Killing vector which is also not hyper-surface orthogonal in general [4].

– 8 –

This expression can be inverted to give^5

ω^7_{ij1j2} = 1 16 ψ_{ij1j2} + 1 48 ψ_{k1k2k3} δ_{i[j1} ϕ^{k1k2k3}_{j2]} − 1 32 ψ_{ik1k2} ϕ^{k1k2}_{j1j2} + + 1 16 ψ_{k1k2[j1} ϕ^{k1k2}_{j2]i} (3.15)

and hence in terms of the gauge field strength

ω^7_{ij1j2} = − 1 72 δ_{i[j1} ϕ_{j2]}^{k1k2k3} F_{k1k2k39} − 1 24 ϕ_{j1j2}^{k1k2} F_{ik1k29} + 1 24 ϕ_{i[j1}^{k1k2} F_{j2]k1k29} − − 1 12 δ_{i[j1} F_{j2]+−9} + 1 24 ϕ_{ij1j2}^kF_{k+−9} + 1 12 F_{ij1j29} . (3.16)

In later calculations it will be useful to note that the totally anti-symmetric part of ω^7_{j1j2j3} can be written as:

ω^7_{[j1j2j3]} = − 1 16 ψ^8_{j1j2j3} + 1 12 ψ^{48}_{j1j2j3} . (3.17)

This expression and (3.15) imply that ω^7_{j1j2j3} is fixed by the totally anti-symmetric part.

Finally from (2.13) we obtain

(∇_+Σ)_{+i1i2i3i4} ⇒ F^7_{+9i1i2} = 2ω^7_{+i1i2}

(∇_−Σ)_{+i1i2i3i4} ⇒ ω^7_{−ij} = 0

(∇_9Σ)_{+i1i2i3i4} ⇒ ω^7_{9i1i2} = − 1 72 ϕ^{j1j2j3}_{i1} F^7_{i2j1j2j3} − 1 6 F^7_{+−i1i2} . (3.18)

The conditions we have derived for the geometry and four-form to admit null Killing spinors are in fact sufficient, as we shall show in the next subsection. The careful reader will notice that the components F^{48}_{+i1i2i3} , F^{21}_{+9i1 i2} and F^{27}_{i1...i4} have not been constrained at all. The reason for this is, as we shall see, that these components of the field strength drop out of the Killing spinor equation. Note that a similar phenomenon was observed for timelike Killing spinors in [1].

3.2 Sufficiency

We would like to show that the conditions derived in the last sub-section are sufficient for the existence of null Killing spinors, satisfying the projections (2.7). Let us first derive some useful identities. Using the fact that 1 4! ϕ_{i1i2i3i4} Γ^{i1i2i3i4} ϵ = 14ϵ (3.19)

5We note in passing that this expression gives a formula for minus the intrinsic con-torsion of a general Spin(7)-structure in eight dimensions.

– 9 – we obtain

Γ_iϵ = 1 42 ϕ_i^{j1j2j3} Γ_{j1j2j3} ϵ

Γ_{i1i2} ϵ = − 1 6 ϕ_{i1i2}^{j1j2} Γ_{j1j2} ϵ

Γ_{i1i2i3} ϵ = − 1 4 ϕ_{[i1i2}^{j1j2} Γ_{i3]j1j2} ϵ = −ϕ_{i1i2i3}^j Γ_jϵ

Γ_{i1i2i3i4} ϵ = 1 4! ϵ_{i1i2i3i4}^{j1j2j3j4} Γ_{j1j2j3j4} ϵ = ϕ_{[i1i2i3}^jΓ_{i4]j}ϵ + ϕ_{i1i2i3i4} ϵ Γ_{i1i2i3i4i5} ϵ = 5ϕ_{[i1i2i3i4} Γ_{i5]}ϵ . (3.20)

In particular we see that

Γ^{21}_{i1i2} ϵ = 0 Γ^{48}_{i1i2i3} ϵ = 0 Γ^{27}_{i1i2i3i4} ϵ = 0 Γ^{35}_{i1i2i3i4} ϵ = 0 . (3.21)

Now the Killing spinor equation is ∇_αϵ +^1_{288} M_αϵ = 0 where

M_α ≡ Γ_α^{ν1ν2ν3ν4} F_{ν1ν2ν3ν4} − 8Γ^{ν1ν2ν3} F_{αν1ν2ν3} . (3.22)

Using the above identities, together with the constraints Γ^9ϵ = ϵ and Γ^+ϵ = 0, and the expressions for F presented in the last subsection, it is straightforward to show that

M_−ϵ = 0 M_+ϵ = [ Γ^− ( ϕ^{i1i2i3i4} F_{i1i2i3i4} + 4Γ^qϕ^{i1i2i3}_qF_{9i1 i2i3} + 48Γ^qF_{+−9q} ) − − 36Γ^{i1 i2} F_{+9i1i2} + 12Γ^qϕ^{i1i2i3}_qF_{+i1i2i3} ] ϵ M_9ϵ = [ Γ^{ij} ( F_{i1i2i3[i}ϕ^{i1i2i3}_{j]} +12F_{+−ij} ) +8Γ^j ( ϕ^{i1i2i3}_jF_{9i1 i2i3} −6F_{+−9j} ) +ϕ^{i1i2i3i4} F_{i1i2i3i4} ] ϵ M_iϵ = [ 72Γ^−Γ^jF_{−9ij} − 4ϕ_i^{j1j2j3} F_{9j1j2j3} − 48F_{+−i9} +

+ Γ^j ( δ_{ij} ϕ^{j1j2j3j4} F_{j1j2j3j4} − 4ϕ_i^{k1k2k3} F_{jk1k2k3} − 12ϕ_{ij}^{k1k2} F_{+−k1k2} + + 8ϕ^{k1k2k3}_jF_{ik1k2k3} − 48F_{+−ij} ) + Γ^{j1j2} × (3.23) × ( 3F_{9k1k2[j1} ϕ_{j2]i}^{k1k2} − δ_{i[j1} ϕ_{j2]k1k2k3} F_9^{k1k2k3} + 24δ_{i[j1} F_{j2]+−9} − 24F_{i9j1 j2} )] ϵ . From these expressions and using (3.21) it is clear that F^{48}_{+i1i2i3} , F^{21}_{+9i1i2} and F^{27}_{i1 ...i4} do not appear in M_μϵ and hence these components are not fixed by the Killing spinor equation. Moreover, by making use of these expressions, and using V_{ij} Γ^{ij}ϵ = V^7_{ij} Γ^{ij}ϵ, we find that 1 4 ω_{μαβ} Γ^{αβ}ϵ + 1 288 M_μϵ = 0 (3.24)

and hence the Killing spinor equation simplifies to

dϵ = 0 . (3.25)

Hence the Killing spinor is constant and constrained by (2.7).

– 10 –

3.3 Summary We have derived the necessary and sufficient conditions on configurations admitting null Killing spinors. Here we shall summarise the results. Conceptually, it is clearest to separate the conditions into a set of restrictions on the spin connection, which are restrictions on the intrinsic torsion of the (Spin(7) ⋉ R^8) × R structure, and a set of conditions that determine the field strength in terms of the geometry. In the frame

ds^2 = 2e^+e^− + e^ie^i + e^9e^9 , (3.26)

where i = 1, . . . , 8 and ϕ =^1_{4!} ϕ_{i1i2i3i4} e^{i1i2i3i4} is the Spin(7) invariant four-form given in (2.9), we have found the following constraints on the spin connection

ω_{(αβ)−} = 0 ω^7_{[ij]−} = 0 ω_{i9−} = 0 ω_{−9i} = 0 ω^7_{−ij} = 0 ω_{+−9} = − 1 4 ω^i_{i9} ω^7_{9ij} = −ω^7_{[ij]9} ω_{99i} − 6ω_{i−+} = − 4 3 ϕ_i^{j1j2j3} ω^7_{j1j2j3} . (3.27)

The bold-faced superscripts refer to Spin(7) representations. Note that the right hand side of the last term can also be written as −ϕ_i^{j1j2j3} ω_{j1j2j3} − 2ω^j_{ji}.

Given a geometry satisfying the above restrictions the field strength is determined by,

F_{+−9i} = 2ω_{i−+} − ω_{99i} F_{+−ij} = 2ω_{[ij]9} F^7_{+9ij} = 2ω^7_{+ij} F^8_{+i1i2i3} = 2 7 ϕ_{i1i2i3}^jω_{+9j} F^7_{−9ij} = 0 F^{21}_{−9ij} = 2ω^{21}_{ij−} F_{−i1i2i3} = 0 F^8_{9i1 i2i3} = 2 7 ϕ_{i1i2i3}^j(ω_{99j} + ω_{j−+}) F^{48}_{9i1 i2i3} = −12(ω^7_{[i1i2i3]})^{48} F^1_{i1i2i3i4} = 3 7 (ω_{+9−})ϕ_{i1i2i3i4} F^7_{i1i2i3i4} = 2ϕ_{[i1i2i3}^j ω^7_{i4]j 9} F^{35}_{i1i2i3i4} = 2ϕ_{[i1i2i3}^j ω^{35}_{i4]j9} , (3.28)

– 11 – where ω^{35}_{ij9} = ω_{(ij)9} −^1_8 δ_{ij} ω^k_{k9} and (ω^7_{[ijk]})^{48} is the 48 piece of the totally anti-symmetric part of ω^7_{ijk}. Note also that ω^7_{ij9} denotes the 7 piece of ω_{[ij]9}. The remaining components of the field strength, F^{48}_{+i1i2i3} , F^{21}_{+9i1i2} and F^{27}_{i1 ..i4} , are undetermined by the Killing spinor equation as shown in the previous section, but are fixed by the Bianchi identity and gauge field equations, which we now discuss.

3.4 Conditions for supersymmetric solutions It was shown in [1] that in order for a configuration (g, F ) with a null Killing spinor to also solve the equations of motion of D = 11 supergravity, it is sufficient to just impose both the equation of motion and the Bianchi identity for F and in addition the ++ component of Einstein’s equations. Clearly these conditions will constrain the components of F not constrained by the Killing spinor equation alone.

4. Introducing co-ordinates

To introduce co-ordinates, note that locally, we can choose co-ordinates v, u, z so that the vector fields dual to our chosen frame are given by

e^+ = ∂ ∂v e^− = α_1 ∂ ∂v + α_2 ∂ ∂u e^9 = β_1 ∂ ∂v + β_2 ∂ ∂u + β_3 ∂ ∂z (4.1)

with α_2 ≠ 0, β_3 ≠ 0. If the remaining co-ordinates are x^M , M = 1, . . . , 8, then as a consequence of i_e+ e^i = i_e− e^i = i_e9 e^i = 0 we obtain

e^i = e^i_M dx^M . (4.2)

Inverting (4.1) we find that

e^+ = 1 α_2 du − β_2 α_2β_3 dz + λ e^− = − α_1 α_2 du + dv + ( α_1β_2 α_2β_3 − β_1 β_3 ) dz + ν e^9 = 1 β_3 dz + σ , (4.3)

where λ = λ_M dx^M , ν = ν_M dx^M , σ = σ_M dx^M . By examining the dudv and du^2 components of the metric, it is clear that as K is Killing, α_1 and α_2 do not depend on v. Furthermore, on examination of the dvdz, dudz and dz^2 components of the metric, we also find that β_1, β_2 and β_3 must also be independent of v; and from the dvdx^M , dudx^M and dzdx^M components, it is clear that L_K λ = L_K ν = L_K σ = 0. The dx^M dx^N components of the metric then imply that L_K (e^ie^i) = 0; we shall find it convenient to refer to the 2-parameter family of 8-manifolds equipped with metric

ds_8^2 = e^ie^i (4.4)

– 12 – as the base space B. Next note that from the differential constraints (3.27) we obtain L_K e^i = ρ^ie^+ + χ_{ij} e^j , (4.5) where χ_{ij} = −ω_{ij−} − ω_{−ij} and ρ^i = ω_{+i−} − ω_{−i+}. Note in particular, that χ_{(ij)} = 0 and χ^7 = 0. However, we also have 0 = L_K (e^i ⊗ e^i) = ρ ⊗ e^+ + e^+ ⊗ ρ , (4.6) where ρ ≡ ρ^ie^i. Hence we must have ρ^i = 0, and L_K e^i = χ_{ij} e^j . (4.7) Note that we can choose a basis of B, e^{′i} where L_K e^{′i} = 0. To see this consider the metric on B, which we denote by h where h_{MN} ≡ δ_{ij} e^i_M (v, u, z, x)e^j_N (v, u, z, x) . (4.8) By the above reasoning, h_{MN} does not depend on v, and so on evaluating e^i_M (v, u, z, x) at v = 0 we find that h_{MN} ≡ δ_{ij} (e^′)^i_M (u, z, x)(e^′)^j_N (u, z, x) , (4.9) where (e^′)^i_M (u, z, x) ≡ e^i_M (0, u, z, x) . (4.10) It is clear that e^′ defines a basis of B for which L_K e^{′i} = 0. In fact, the coefficients of ϕ are also constant in this basis. This is because L_K ϕ = 0 as a consequence of χ^7 = 0. Hence the components ϕ_{M1M2M3M4} do not depend on v. However, we also have ϕ_{M1M2M3M4} = ϕ_{i1i2i3i4} e^{i1}_{M1} (v, u, z, x)e^{i2}_{M2} (v, u, z, x)e^{i3}_{M3} (v, u, z, x)e^{i4}_{M4} (v, u, z, x) . (4.11) So, by the same reasoning as used above, on evaluating e^i_M (v, u, z, x) at v = 0, we must have ϕ_{M1M2M3M4} = ϕ_{i1i2i3i4} e^{′i1}_{M1} (u, z, x)e^{′i2}_{M2} (u, z, x)e^{′i3}_{M3} (u, z, x)e^{′i4}_{M4} (u, z, x) (4.12) which implies that the components of ϕ in the basis e^{′i} are identical to those in the basis e^i. Hence, without loss of generality we can drop the primes and work with a basis e^i for which both L_K e^i = 0 and the components of ϕ are of the canonical form given in (2.9).

To continue we will introduce a more convenient notation: e^+ = L^{−1}(du + Adz + λ) e^− = dv + 1 2 Fdu + Bdz + ν e^9 = C(dz + σ) e^i = e^i_M dx^M , (4.13) where the Lie-derivative of the functions L, F, A, B, C and the one-forms λ, ν, σ, e^i with respect to K all vanish i.e. they are all functions of u, x^M and z only.

– 13 –

It is convenient to define some notation. For a q-form on the base manifold Θ = 1 q! Θ_{M1...Mq} dx^{M1} ∧ · · · ∧ dx^{Mq} (4.14) satisfying L_K Θ = 0, we define the restricted exterior derivative

d̃Θ ≡ 1 (q + 1)!

(q + 1) ∂ ∂x^{M1} Θ_{M2...Mq+1} dx^{M1} ∧ . . . ∧ dx^{Mq+1} (4.15) and denote the Lie derivative on such forms with respect to^∂_{∂z} and^∂_{∂u} by ∂_z and ∂_u respectively. We define

DΘ ≡ d̃Θ + (Aσ − λ) ∧ ∂_uΘ − σ ∧ ∂_zΘ (4.16)

so that dΘ = DΘ + Le^+ ∧ ∂_uΘ + C^{−1}e^9 ∧ (∂_zΘ − A∂_uΘ) . (4.17) We also define

M_{ij} = δ_{ik}(∂_ue^k)_j Λ_{ij} = δ_{ik}(∂_z e^k)_j . (4.18)

In general, Λ and M have no symmetry properties. Using this notation, it is straightforward to compute the spin connection. All of the components of the spin connection are presented in appendix D.

In order to examine the restrictions on the eleven dimensional geometry imposed by the constraints in (3.27), first observe that the basis (4.13) contains a great deal of gauge freedom. In general, there is not a single gauge choice that simplifies all solutions, so it is convenient to allow some gauge freedom in the final form of the geometry. Nevertheless, to simplify the resulting formulae, we will work in a gauge with A = 0, which can be achieved by making a shift of the form u → u + f(u, z, x^M ). Working in this gauge, (3.27) implies that

[Dλ]^7_{ij} = 0 ∂_zλ = 0 [D log(CL^{−3}) − ∂_zσ − 3∂_uλ]_i = − 1 2 · 4! [Dϕ]_{ij1..j4} ϕ^{j1..j4} ∂_z log L = 1 2 Λ^i_i Λ^7_{[ij]} = 0 . (4.19)

Note that the last two equations can be expressed in terms of the Spin(7) structure ϕ as, ∂_z ϕ = (∂_z log L)ϕ + Υ^{35} , (4.20) where, denoting by Λ^{35} the traceless symmetric part, we defined

Υ^{35}_{i1...i4} ≡ −4ϕ_{i[j1j2j3} Λ^{35i}_{j4]} . (4.21)

– 14 –

Using the terminology of [30], we recall that a Spin(7) structure satisfying (4.20) is called conformally anti-self-dual. Note that on making a conformal re-scaling of the base metric ds^2_8 = L^{1/2}ê^iê^i, (4.20) becomes ∂_zϕ̂ = Υ̂^{35} , (4.22) where ϕ̂ = L^{−1}ϕ and Υ̂^{35} = L^{−1}Υ^{35}. Thus it makes sense to write the conditions in terms of these conformally rescaled variables. We do this in the following summary, where we also write out the four-form field strength.

4.1 Summary We have shown that coordinates (u, v, z, x^M ) can be chosen so that the metric takes the form ds^2 = 2e^+e^− + e^ie^i + e^9e^9 , (4.23) where

e^+ = L^{−1}(du + λ)

e^− = dv + 1 2 Fdu + Bdz + ν e^9 = C(dz + σ) e^i = L^{1/4}ê^i_M dx^M . (4.24)

The eight-dimensional base manifold with metric ê^iê^i has Cayley four-form ϕ̂ given by (2.9), (with ϕ replaced by ϕ̂ and e^i replaced by ê^i). In general all quantities can depend on the co-ordinates (u, z, x^M ).

Supersymmetry implies that the following constraints must hold

(Dλ)^7 = 0

∂_zλ = 0 [ D log(CL^{1/2}) − ∂_zσ − 3∂_uλ ] i = − 1 48 [Dϕ̂]_{ij1..j4}ϕ̂^{j1...j4} ∂_zϕ̂ = Υ̂^{35} , (4.25)

where all indices are evaluated with respect to the ê^i basis and the boldface numbers denote Spin(7) irreps of forms taken with respect to the Spin(7) structure ϕ̂. The derivative D is defined in (4.16) (with A = 0).

In addition, it is straightforward to show that the 4-form F is given by

F = e^+ ∧ e^− ∧ e^9 ∧ (L^{−1}DL − C^{−1}DC + ∂_uλ + ∂_zσ) + Ce^+ ∧ e^− ∧ Dσ +

+ e^+ ∧ e^9 ∧ ( −L^{3/2}M̂_{[ij]}ê^i ∧ ê^j − Dν + DB ∧ σ + 1 2 DF ∧ λ )_7 + L^{−1}e^− ∧ e^9 ∧ Dλ − − 1 42 L^{1/2}C^{−1}ϕ̂_{iii2i3}^j [( ∂_uB− 1 2 ∂_zF ) λ+∂_zν −d̃B+LC^2∂_uσ ] j e^+ ∧ ê^{i1} ∧ ê^{i2} ∧ ê^{i3} −

− L^{1/2}e^9 ∧ ^⋆_8Dϕ̂ + L^{1/2} 6 ϕ̂_{i1i2i3}^j [∂_uλ]_j e^9 ∧ ê^i1 ∧ ê^i2 ∧ ê^i3 + 1 2 LC^{−1}∂_zϕ̂ + + 3 14 C^{−1}∂_zLϕ̂ − 1 24 L^{1/2}Cϕ̂^j_{[i1i2i3} Dσ_{i4]j}ê^{i1} ∧ ê^{i2} ∧ ê^{i3} ∧ ê^{i4} + F_{unfixed} , (4.26)

– 15 – where, again, all indices are evaluated in the ê^i basis, ^⋆_8 denotes the Hodge dual with respect to the metric ê^iê^i and M̂_{ij} = δ_{ik}(∂_uê^k)_j . F_{unfixed} contains the components F^{48}_{+i1i2i3} , F^{21}_{+9i1 i2} and F^{27}_{i1..i4} , which are undetermined by the Killing spinor equation.

5. Examples

In this section we consider some special examples of supersymmetric geometries. These provide some concrete insight into the (Spin(7) ⋉ R^8) × R-structures that we have shown supersymmetry dictates. We first consider the resolved membranes of [34], presenting a new generalisation involving the addition of a gravitational wave, followed by the basic fivebrane solution.

5.1 Membranes and their resolution The elementary membrane and fivebrane solutions of D = 11 supergravity admit 16 Killing spinors. Some of these are timelike and the corresponding SU(5) structure was displayed in [1]. However some of the spinors are null so these solutions also fall in the null case that we are studying here. Let us focus first on the membrane. The metric and field strength for this solution are given by, ds^2 = H^{−2/3}[−dt^2 + (dx^♯)^2 + dz^2] + H^{1/3}ds^2(R^8) F = dt ∧ dx^♯ ∧ dz ∧ d(H^{−1}) (5.1) where the gauge equations imply that H is a harmonic function on R^8.

One can generalize this solution by replacing the space transverse to the membrane (which is R^8 in (5.1)) by any Spin(7) holonomy manifold [33]. An additional generalisation leads to the “resolved membrane” solutions of [34]. To see how this latter solution is related to our construction of solutions of eleven dimensional supergravity, we introduce a null frame

e^+ = H^{−2/3} √ 2 (−dt + dx^♯) e^− = 1 √ 2 (dt + dx^♯) e^9 = H^{−1/3}dz e^i = H^{1/6}ê^i , (5.2) where ds^2(M_8) = ê^iê^i is a Spin(7) holonomy metric. Recall that this implies that ϕ̂ is closed, d̃ϕ̂ = 0. Both H and ê^i are independent of t, x^♯, z. On setting v =^{1√}_2 (t + x^♯), u =^{1√}_2 (−t + x^♯) it is clear that (5.2) corresponds to the null basis given in (4.24) with L = H^23 , A = F = B = 0, λ = ν = σ = 0, C = H^{− 1}3 and e^i = H^16 ê^i_M dx^M . It is then simple to check that the constraints required for supersymmetry (4.25) are satisfied.

The expression for the field strength given in (4.26) takes the form F = H^{−1}e^+ ∧ e^− ∧ e^9 ∧ dH + F̂^{27} , (5.3) where we have allowed for a piece, F̂^{27} =^1_{4!}F̂^{27}_{i1i2i3i4}ê^{i1} ∧ ê^{i2} ∧ ê^{i3} ∧ ê^{i4} , in the 27 on M_8 that is not fixed by supersymmetry.

– 16 –

Imposing the gauge equations of motion we find that F̂^{27} must be closed (and hence harmonic) while the equation for H becomes

^∇^2H = −1 2 |F̂^{27}|^2 , (5.4)

where ^∇^2 is the laplacian on M_8 and the norm of F̂^{27} is taken in the metric ds^2(M_8). The ++ component of the Einstein equations imposes no further restriction. Such “resolved membrane” solutions were constructed in [34] although there the issue of supersymmetry was not discussed and the internal component of the field strength was only constrained to be self-dual. The supersymmetry of such solutions was discussed in [36, 37]. The condition on the internal flux given in these papers is exactly the statement that it should belong to the 27 of Spin(7).

A generalization of the membrane solution preserving just 1/32 supersymmetry was constructed in [35]. The generalization involved replacing e^− → e^− + (1/2)Fdu + ν in (5.2) where F, ν depend just on the coordinates on the Spin(7) manifold. This is a supersymmetric solution provided that F is harmonic and

d ∗_8 dν = 0 (5.5)

on M_8. This was interpreted as adding a wave along the membrane although the wave “profile” F was smeared in the direction u.

The solutions of [34, 35] can be combined to yield a new, more general solution, by including both the term F̂^{27} and F, ν where now we allow F = F(u, z, x^M ) and maintain ν = ν(x^M ). In addition to F̂^{27}, we let F_{unfixed} in (4.26) also contain the piece: F^{21}_{+9ij} = −(dν)^{21}_{ij} . The gauge equations again imply that ν satisfies (5.5) and F̂^{27} is harmonic on M_8 and H satisfies (5.4), while the ++ component of the Einstein equations gives,

^∇^2F + H ∂^2F ∂z^2 = 0 . (5.6)

In general these solutions will preserve 1/32 supersymmetry. Notice that the dependence of F on u is not fixed. This is as expected since a supersymmetric wave is allowed to have an arbitrary profile. Note also that there is a special case when the Spin(7) manifold is a product of two hyper-Kähler manifolds and ν = 0; for this case the resulting solutions are special cases of a class of solutions presented in [38].

5.2 The fivebrane The metric for the basic fivebrane solution can be written as

ds^2 = H^{−1/3}[−dt^2 + (dx^♯)^2] + H^{2/3}dz^2 + ds^2_8 , (5.7)

where ds^2_8 = H^{−1/3} [ (dx^1)^2 + · · · + (dx^4)^2 ] + H^{23} [ (dx^5)^2 + · · · + (dx^8)^2 ] (5.8) and H = H(z, x^5, x^6, x^7, x^8). On setting v =^{1√}_2 (t + x^♯), u =^{1√}_2 (−t + x^♯) it is clear that (5.7) corresponds to the null basis given in (4.24) with C = L = H^13 , A = F = B = 0, λ = ν = σ = 0, and we split the base indices on the 8-manifold via e^i = {e^a, e^p} for

– 17 – a, b = 1, . . . , 4 and p, q = 5, . . . , 8. The vielbein on the 8-dimensional base ê^i is therefore ê^a = H^{−1/4}dx^a ê^p = H^{1/4}dx^p . (5.9) ϕ̂ is given by

−ϕ̂ = H^{−1}dx^{1234} + Hdx^{5678} + (dx^{1256} + dx^{1278} + dx^{3456} + dx^{3478} + dx^{1357} − dx^{1368} − − dx^{1458} − dx^{1467} − dx^{2358} − dx^{2367} − dx^{2457} + dx^{2468}) . (5.10)

It is then straightforward to show that the constraints given in (4.25) are satisfied. In addition it is straightforward to show that (4.26) gives F = −dz ∧⋆_4(∇_pHdx^p)+ 1 14 H^{−1}∂_zHϕ̂+ H^{−1} 2 ∂_zHê^{1234} − H^{−1} 2 ∂_zHê^{5678} +F_{unfixed} , (5.11)

where ∇_p =^∂_{∂xp} and ⋆_4 denotes the Hodge dual on R^4 equipped with metric

ds^2_4 = (dx^5)^2 + (dx^6)^2 + (dx^7)^2 + (dx^8)^2 (5.12)

and positive orientation fixed with respect to dx^5 ∧ dx^6 ∧ dx^7 ∧ dx^8. However, unlike the case of the simple (non-resolved) M2-brane, in order to recover the standard expression for the components F_{i1i2i3i4} , it is necessary to include a contribution from F^{27}_{i1i2i3i4} which is not fixed by the supersymmetry. This term is given by

F^{27} = − 1 14 H^{−1}∂_zH ( ϕ̂ + 7ê^1 ∧ ê^2 ∧ ê^3 ∧ ê^4 + 7ê^5 ∧ ê^6 ∧ ê^7 ∧ ê^8 ) . (5.13)

Hence the field strength is given by

F = − ⋆_5 dH , (5.14)

where ⋆_5 denotes the Hodge dual on R^5 equipped with metric

ds^2_5 = dz^2 + (dx^5)^2 + (dx^6)^2 + (dx^7)^2 + (dx^8)^2 (5.15)

and positive orientation fixed with respect to dz ∧ dx^5 ∧ dx^6 ∧ dx^7 ∧ dx^8. The Bianchi identity implies that H is harmonic on R^5. The field equations for the four-form and the ++ component of the Einstein equations lead to no further conditions, and we see that we have recovered the fivebrane solution.

6. Configurations with vanishing flux When the flux vanishes, the local form of the most general supersymmetric configuration was written down in [30]. It is interesting to recover this result from our more general results. One approach is to use the co-ordinates and frame introduced in section 4, set F = 0 in (4.26) and then analyse the resulting metric. However, we find it easier to obtain the result of [30] by introducing co-ordinates afresh, as we now explain.

– 18 –

If the flux vanishes, from (2.14) we note that K, Ω and Σ are closed. In particular, there exists (at least locally) functions u and v, such that as a 1-form

e^+ = du (6.1)

and as a vector e^+ = ∂ ∂v . (6.2)

Furthermore, as e^+ ∧ de^9 = 0 as a consequence of dΩ = 0, we note that there must exist functions z and P such that e^9 = dz + P du . (6.3) Next consider the e^i, and e^−. In these co-ordinates, in general we have

e^i = e^i_M dx^M + X^idu + Y^idz (6.4) and e^− = dv + p_1du + p_2dz + ν_2 . (6.5) By making a (generally u, z dependent) co-ordinate transformation of the x^M we can work in co-ordinates for which Y^i = 0. Next, observe that by making a basis rotation of the form given in (2.10) we can work in a basis for which X^i = 0 and P = 0. Hence, we have shown that if the flux vanishes, we can without loss of generality take the basis (4.13) with L = C = 1, A = 0, λ = σ = 0. By making a shift in v we can also set B = 0. Observe that closure of Σ implies that ∂_zϕ = 0 and hence in particular, ∂_z(e^ie^i) = 0. By the same reasoning which was used in section four to demonstrate that e^i could be chosen to be independent of v, we can, without loss of generality, choose a basis e^i for which ∂_z e^i = 0 (together with L_K e^i = 0). Note also that d̃ϕ = 0.

In fact we can also set ν = 0. To see this note that from the vanishing of ω_{+9i} we must have ∂_zν = 0. Hence by making a basis transformation of the form given in (2.10) (with α = 0, Q = 1 and p_i = ν_i), we can remove the ν term from e^− at the expense of adding a ν^idu term to e^i. However, as ν^i has no z-dependence, we can remove this term by making a z-independent co-ordinate transformation of the x^M .

To summarize, when the flux vanishes, we can without loss of generality work in a null basis with

e^+ = du e^− = dv + 1 2 Fdu e^9 = dz e^i = e^i_M dx^M (6.6)

with F = F(u, x, z) and e^i_M = e^i_M (u, x). In this basis, d̃ϕ = 0, so ϕ is covariantly constant with respect the the Levi-Civita connection on the base manifold. Although ϕ does not have any z-dependence, it does generically have a dependence on u. In particular, using ω^7_{+ij} = 0 it follows that M^7_{[ij]} = 0 and hence

∂_uϕ = T ϕ + Ψ^{35} , (6.7)

– 19 – where T = (1/2)M_{ii} i.e. ϕ is conformally anti-self-dual.^6 Given this metric, F is fixed by the ++ component of the Einstein equations. Hence we have recovered the result of [30].

7. Conclusions

In this paper we have completed the classification initiated in [1] of solutions of eleven dimensional supergravity preserving 1/32 of the supersymmetry. Just as in the case of simpler, lower-dimensional supergravities, this classification provides an interesting and promising tool for the generation of new solutions. In addition, we have shown how several previously known solutions, such as the zero-flux solution of [30], the fivebrane and the resolved membrane [34] can we written in our formalism. We generalised the solutions of [34, 35] by adding a gravitational wave to the resolved membrane and the resulting configuration preserves just 1/32 supersymmetry.

Supersymmetric solutions of most physical interest preserve more than one supersymmetry. Although such solutions are included in our classification, it is clear that the presence of more linearly independent Killing spinors imposes additional constraints on the geometry. Note that, using different techniques, the classification of maximally supersymmetric configurations, preserving all 32 supersymmetries, was carried out in [29]. It would therefore be interesting to generalize our construction to accommodate additional linearly independent Killing spinors. It might be possible, for example, to classify all geometries preserving exactly four supersymmetries, or perhaps all those preserving more than 1/2 of the supersymmetry.

Acknowledgments

We would like to thank Daniel Waldram for helpful discussions. J.B.G. was supported by EPSRC.

A. Conventions

We use the signature (−, +, · · · , +). D = 11 co-ordinate indices will be denoted μ, ν, . . . while tangent space indices will be denoted by α, β, . . .. The D = 11 spinors we will use are Majorana. The gamma matrices satisfy

{Γ_α, Γ_β } = 2η_{αβ} (A.1)

and can be taken to be real in the Majorana representation. They satisfy, in our conventions, Γ_{0123456789♯} = ϵ_{0123456789♯} = 1. For any M, N ∈ R(32) we can perform a Fierz

6It is interesting to compare this with a generic solution, with F ≠ 0, where ϕ is not conformally anti-self dual with respect to ∂u; rather, ϕ is conformally anti-self-dual with respect to ∂z .

– 20 – rearrangement using:

M_a^bN_c^d = 1 32 { (NM)_a^dδ_c^b + (NΓ^{α1} M)_a^d(Γ_{α1} )_c^b − − 1 2! (NΓ^{α1α2} M)_a^d(Γ_{α1 α2} )_c^b − 1 3! (NΓ^{α1α2α3} M)_a^d(Γ_{α1α2α3} )_c^b + + 1 4! (NΓ^{α1α2α3α4} M)_a^d(Γ_{α1α2α3α4} )_c^b + 1 5! (NΓ^{α1α2α3α4α5} M)_a^d(Γ_{α1α2α3α4α5} )_c^b } , (A.2) where a, b, c, d = 1, . . . , 32. Given a Majorana spinor ϵ its conjugate is given by ϵ̄ = ϵ^T C, where C is the charge conjugation matrix in D = 11 and satisfies C^T = −C. In the Majorana representation we can choose C = Γ_0. An important property of gamma matrices in D = 11 is that the matrix CΓ_{α1α2...αp} is symmetric for p = 1, 2, 5 and antisymmetric for p = 0, 3, 4 (the cases p > 5 are related by duality to the above).

The Hodge star of a p-form ω is defined by ∗ω_{μ1...μ11−p} = √ −g p! ϵ_{μ1...μ11−p}^{ν1...νp} ω_{ν1...νp} (A.3) and the square of a p-form via

ω^2 = 1 p! ω_{μ1...μp} ω^{μ1...μp} (A.4) unless otherwise stated.

B. Algebraic relations of D = 11 spinors

Here we analyse the algebraic structure of the differential forms K, Ω, Σ defined in (2.4) using Fierz identities. This provides an alternative derivation of (2.5)-(2.9) which relied on some results of [30].

Using Fierz identities one finds: Σ^2 = −6K^2 Ω^2 = −5K^2 (B.1) Ω_{μ1}^{σ1} Ω_{σ1}^{ν1} = −K_{μ1} K^{ν1} + δ_{μ1}^{ν1} K^2 (B.2) 1 4! Σ_{μ1}^{σ1σ2σ3σ4} Σ_{σ1σ2σ3σ4}^{ν1} = 14K_{μ1} K^{ν1} − 4δ_{μ1}^{ν1} K^2 (B.3) i_K Ω = 0 (B.4)

i_K Σ = 1 2 Ω ∧ Ω (B.5) K^σ(∗Σ)_{σν1 ν2ν3ν4ν5} = Ω_{ν1}^σΣ_{σν2ν3ν4ν5} − 12η_{ν1[ν2} K_{ν3} Ω_{ν4ν5]} (B.6)

K^2Ω ∧ Σ = 1 2 K ∧ Ω ∧ Ω ∧ Ω (B.7) Ω_{ν1}^ρ ⋆ Σ_{ρν2ν3ν4ν5ν6} = −5Σ_{ν1[ν2ν3ν4ν5} K_{ν6]} + 5η_{ν1[ν2} (i_K Σ)_{ν3ν4ν5ν6]} . (B.8) Note that equations (B.1)–(B.7) appeared previously in [1] and that (B.6) corrects equation (2.14) of that reference.

– 21 –

These are by no means exhaustive, though they are in fact sufficient to deduce the algebraic structures in both timelike and null cases. In particular, (B.2) implies that K cannot be spacelike. To see this, note first that in a neighbourhood in which ϵ is nonvanishing, K_0 = −ϵ^T ϵ ≠ 0. Without loss of generality, K = −(ϵ^T ϵ)e^0 + me^♯. As i_K Ω = 0 we must have ( ϵ^T ϵ ) Ω_{0α} + mΩ_{♯α} = 0 . (B.9) In particular, we find Ω_{0♯} = 0 and Ω_{0P} = −(m/ϵ^T ϵ)Ω_{♯P} , where P, Q = 1, . . . , 9. Then upon setting μ_1 = ν_1 = ♯ in (B.2) we find that

Ω_{♯P} Ω_♯^P = m^2 − K^2 = (ϵ^T ϵ)^2 . (B.10)

But setting μ_1 = P , ν_1 = Q in (B.2) we see that

δ_{P Q}(m^2 − (ϵ^T ϵ)^2) = (ϵ^T ϵ)^{−2}(m^2 − (ϵ^T ϵ)^2)Ω_{P ♯}Ω_{Q♯} − Ω_P^LΩ_{QL} . (B.11)

Contracting with δ^{P Q} we obtain 8 ( m^2 − ( ϵ^T ϵ )_2) = −Ω_{P Q}Ω^{P Q} . (B.12)

This implies that m^2 ≤ (ϵ^T ϵ)^2, so K must be timelike or null.

The case when K is timelike has been examined in detail in [1]. Here we shall concentrate on the case when K is null. It is therefore convenient to work in a null basis

ds^2 = 2e^+e^− + e^P e^P (B.13)

with K = e^+. To proceed, note that i_K Ω = 0 implies that

Ω = e^+ ∧ V + 1 2 Ω_{P Q}e^P ∧ e^Q , (B.14)

where V = V_P e^P . However, as Ω^2 = 0 it is straightforward to see that Ω_{P Q} = 0, so

Ω = e^+ ∧ V . (B.15)

Setting μ_1 = +, ν_1 = − in (B.2) we also find that V^2 = 1. Note that (B.15) implies that Ω ∧ Ω = 0 and hence from (B.5) we find that i_K Σ = 0, hence

Σ = e^+ ∧ ϕ + 1 5! Σ_{P1P2P3P4P5} e^{P1P2P3P4P5} , (B.16)

where ϕ =^1_{4!} ϕ_{P1P2P3P4} e^{P1P2P3P4} . However Σ^2 = 0, so Σ_{P1P2P3P4P5} = 0, and hence

Σ = e^+ ∧ ϕ . (B.17)

In addition, from (B.6) we note that Ω_{ν1}^σΣ_{σν2ν3ν4ν5} = 0 as i_K ⋆ Σ = 0 and K ∧ Ω = 0. Setting ν_1 = ν_2 = + we find that i_V ϕ = 0 . (B.18) Hence it is convenient to make an 8+1 split e^P = {e^i, e^9} for i, j = 1, . . . , 8 with V = e^9 and ϕ =^1_{4!} ϕ_{i1i2i3i4} e^{i1i2i3i4} . In addition, setting ν_1 = ν_2 = + in (B.8) we note that ϕ is a self dual 4-form on the 8-manifold equipped with metric δ_{ij} e^ie^j , where we take ϵ_{+−123456789} = −1 with positive orientation on the 8-manifold given by ϵ_{12345678} = 1.

– 22 –

To proceed, we work in a particular basis in which K = −ϵ^T ϵ(e^0 + e^♯). By examining the expressions for K and V using the representation of Cliff(1, 10) presented below, we see that ϵ^a = 0 for a = 9, . . . , 32, or equivalently

Γ_9ϵ = ϵ (B.19) and (Γ_0 − Γ_♯)ϵ = 0 . (B.20)

Moreover, a direct examination of the components of ϕ yields the identity

ϕ^{i1i2i3j}ϕ_{q1q2q3j} = 6δ^{i1 i2i3}_{q1q2q3} − 9ϕ^{[i1i2}_{[q1q2} δ^{i3 ]}_{q3]} . (B.21)

In particular, we find that ϕ_{i1i2i3j} ϕ_{i1i2i3}^j = 1 (B.22)

for distinct fixed i_1, i_2, i_3.

It appears that there are eight degrees of freedom in the spinor ϵ. In fact there is only one degree of freedom, and a basis {e^i} can be chosen in which −ϕ takes the canonical form of the Cayley 4-form. To see this we shall concentrate on the components ϕ_{146i}, ϕ_{145i} and ϕ_{168i}. Observe from (B.22) that ϕ_{146i}ϕ_{146}^i = 1. Hence by rotating in the 2,3,5,7,8 directions we can arrange without loss of generality for ϕ_{1467} = 1 and ϕ_{1462} = ϕ_{1463} = ϕ_{1465} = ϕ_{1468} = 0. By inspecting the expression for ϕ_{1467} in terms of components of the spinor, it is apparent that ϕ_{1467} = 1 implies that ϵ^2 = ϵ^5 = ϵ^7 = ϵ^8 = 0. Next consider ϕ_{145i}; again we have ϕ_{145i}ϕ_{145}^i = 1. In addition, the only non-vanishing components of ϕ_{145i} are ϕ_{1452}, ϕ_{1453} and ϕ_{1458}. Hence, by rotating in the 2,3,8 directions we can set without loss of generality ϕ_{1458} = 1 and ϕ_{1452} = ϕ_{1453} = 0. Note that such a rotation will not change the values of ϕ_{146i}. Moreover, ϕ_{1458} = 1 implies that ϵ^6 = −ϵ^3 and ϵ^4 = ϵ^1. Lastly consider ϕ_{168i}; once more, from (B.22) we have ϕ_{168i}ϕ_{168}^i = 1. In addition, the only non-vanishing components of ϕ_{168i} are ϕ_{1682} and ϕ_{1683}. Hence, by rotating in the 2,3 directions we can set without loss of generality ϕ_{1683} = 1, ϕ_{1682} = 0. Such a rotation leaves unaltered the values of ϕ_{146i} and ϕ_{145i}, and ϕ_{1683} = 1 implies that ϵ^3 = −ϵ^1.

To summarize, in this basis, we find that

−ϕ = e^{1234} + e^{1256} + e^{1278} + e^{3456} + e^{3478} + e^{5678} + +e^{1357} − e^{1368} − e^{1458} − e^{1467} − e^{2358} − e^{2367} − e^{2457} + e^{2468} , (B.23)

and the only non-vanishing components of the spinor ϵ are ϵ^1 = −ϵ^3 = ϵ^4 = ϵ^6. This corresponds to imposing the projections

Γ_{1234}ϵ = Γ_{3456}ϵ = Γ_{5678}ϵ = Γ_{1357}ϵ = −ϵ . (B.24)

In summary, we see that we have rederived equations (2.5)–(2.9).

– 23 –

B.1 An explicit representation of Cliff(10, 1) In order to compute some of the Fierz identities and algebraic relations satisfied by the various bi-linears, it is useful to have an explicit representation for Cliff(10, 1). We recall the representation given in [39]. In particular, let L_i denote left multiplication by the imaginary octonions on the octonions, for i = 1, . . . , 7. Explicitly, if e_i for i = 1, . . . , 7 denote the imaginary unit octonions, then we take

e_i.e_j = −δ_{ij} + c_{ijk}e_k , (B.25)

where c_{ijk} is totally skew and has non-vanishing components fixed (up to permutation of indices) by c_{124} = c_{137} = c_{156} = c_{235} = c_{267} = c_{346} = c_{457} = 1 . (B.26) Then it is straightforward to construct the representation of Cliff(8, 0) by defining the following 16 × 16 real block matrices

Γ̂_i = ( 0 L_i L_i 0 )

Γ̂_8 = ( 0 −1 1 0 ) (B.27)

for i = 1, . . . , 7. The representation of Cliff(10, 1) is then obtained by defining the following 32 × 32 real block matrices

Γ_i = ( 0 −Γ̂_i Γ̂_i 0 )

Γ_9 = ( 1 0 0 −1 )

Γ_♯ = ( 0 1 1 0 ) (B.28)

for i = 1, . . . , 8 and Γ_0 = −Γ_{123456789♯} . (B.29)

C. Spin(7) Identities

The Spin(7) 4-form ϕ satisfies the following identities, which, as far as we know, are new:

42ϕ_{[i1i2}^{[j1j2} δ^{j3j4]}_{i3i4]} + ϕ_{i1i2i3i4} ϕ^{j1j2j3j4} − 3ϕ_{[i1i2}^{[j1j2} ϕ^{j3j4]}_{i3i4]} + 2ϕ^{[j1}_{[i1i2i3} ϕ_{i4]}^{j2j3j4]} = 0 (C.1) and 1 4! ϵ_{i1i2i3i4}^{j1j2j3j4} = 1 168 ϕ_{i1i2i3i4} ϕ^{j1j2j3j4} + 3 28 ϕ_{[i1i2}^{[j1j2} ϕ^{j3j4]}_{i3i4]} + 2 21 ϕ^{[j1}_{[i1i2i3} ϕ_{i4]}^{j2j3j4]} . (C.2) We also have the well known identities

ϕ^{i1i2i3k}ϕ_{j1j2j3k} = 6δ^{i1 i2i3}_{j1j2j3} − 9ϕ^{[i1i2}_{[j1j2} δ^{i3]}_{j3]} ϕ^{i1i2k1k2} ϕ_{j1j2k1k2} = 12δ^{i1 i2}_{j1 j2} − 4ϕ^{i1i2}_{j1j2} ϕ^{ik1k2k3} ϕ_{jk1k2k3} = 42δ^i_j . (C.3)

– 24 –

Given these identities one can show that

ϕ^k_{[i1i2i3} α^{21}_{i4]k} = 0

ϕ_{[i1i2}^{j1j2} α_{i3]j1j2} = ( −4α^8 + 2 3 α^{48} ) i_1i_2i_3

ϕ_{[i1i2}^{j1j2} α_{i3i4]j1j2} = ( −4α^1 − 2α^7 + 2 3 α^{27} ) i_1i_2i_3i_4

ϕ_{[i1i2}^{j1j2} ϕ_{i3i4]}^{j3j4} α_{j1j2j3j4} = ( 28α^1 − 12α^7 + 28 3 α^{27} − 4α^{35} ) i_1i_2i_3i_4

ϕ_{[i1i2i3}^{j1} ϕ_{i4]}^{j2j3j4} α_{j1j2j3j4} = ( 42α^1 − 24α^7 + 6α^{35} ) i_1i_2i_3i_4

ϕ^{j1j2j3}_{i1} α^7_{i2j1j2j3} = ϕ^{j1j2j3}_{[i1} α^7_{i2]j1j2j3} . (C.4)

D. Spin connection components

Using the definitions for d̃ and D in (4.15) and (4.16), note that

de^+ = L^{−1}(Dλ − (DA) ∧ σ) + e^+ ∧ (L^{−1}DL + ∂_uλ − ∂_uAσ) + + e^9 ∧ [(LC)^{−1}(∂_zλ − A∂_uλ + (∂_uA)λ − d̃A)] + + LC^{−1}(∂_zL − A∂_uL + L∂_uA)e^+ ∧ e^9 de^− = ( 1 2 DF ∧ (Aσ − λ) + Dν − (DB) ∧ σ ) + + e^+ ∧ [ L ( − 1 2 d̃F + (1 2 ∂_zF − ∂_uB)σ + ∂_uν )] + + e^9 ∧ [ C^{−1} ( 1 2 Ad̃F + (∂_uB − 1 2 ∂_zF)λ − d̃B + ∂_zν − A∂_uν )] + + LC^{−1} ( − 1 2 ∂_zF + ∂_uB ) e^+ ∧ e^9

de^9 = CDσ + e^+ ∧ (LC∂_uσ) + e^9 ∧ ( −C^{−1}DC + ∂_zσ − A∂_uσ ) + + LC^{−1}(∂_uC)e^+ ∧ e^9 de^i = De^i + e^+ ∧ ( L∂_ue^i ) + e^9 ∧ [ C^{−1} ( ∂_ze^i − A∂_ue^i )] . (D.1)

Using these expressions, the following non-vanishing components of the spin connection are obtained:

ω_{9−+} = C^{−1} 2 (A∂_u log L^{−1} + ∂_uA − ∂_z log L^{−1}) ω_{i−+} = − 1 2 (D log L^{−1} + ∂_uA σ − ∂_uλ)_i (D.2)

ω_{+−9} = − C^{−1} 2 (A∂_u log L^{−1} + ∂_uA − ∂_z log L^{−1}) ω_{i−9} = − (LC)^{−1} 2 (d̃A + A∂_uλ − ∂_zλ − ∂_uA λ)_i (D.3)

ω_{+−i} = 1 2 (D log L^{−1} + ∂_uA σ − ∂_uλ)_i

– 25 – ω_{9−i} = (LC)^{−1} 2 (d̃A + A∂_uλ − ∂_zλ − ∂_uA λ)_i ω_{j−i} = L^{−1} 2 (Dλ − DA ∧ σ)_{ij} (D.4) ω_{−+i} = 1 2 (D log L^{−1} + ∂_uA σ − ∂_uλ)_i

ω_{++i} = L [( ∂_uB − 1 2 ∂_zF ) σ − ∂_uν + 1 2 d̃F ] i ω_{9+i} = − C^{−1} 2 [( ∂_uB − 1 2 ∂_zF ) λ + ∂_zν − A∂_uν + 1 2 Ad̃F − d̃B ] i − LC 2 (∂_uσ)_i ω_{j+i} = −LM_{(ij)} + 1 2 [ Dν − DB ∧ σ + 1 2 DF ∧ (Aσ − λ) ] ij (D.5)

ω_{++9} = −LC^{−1} ( ∂_uB − 1 2 ∂_zF )

ω_{−+9} = − C^{−1} 2 (A∂_u log L^{−1} + ∂_uA − ∂_z log L^{−1}) ω_{9+9} = −L∂_u log C

ω_{i+9} = C^{−1} 2 [( ∂_uB − 1 2 ∂_zF ) λ + ∂_zν − A∂_uν + 1 2 Ad̃F − d̃B ] i − LC 2 (∂_uσ)_i (D.6)

ω_{−9i} = (LC)^{−1} 2 (d̃A + A∂_uλ − ∂_zλ − ∂_uA λ)_i ω_{+9i} = − C^{−1} 2 [( ∂_uB − 1 2 ∂_zF ) λ + ∂_zν − A∂_uν + 1 2 Ad̃F − d̃B ] i − LC 2 (∂_uσ)_i ω_{99i} = (D log C + A∂_uσ − ∂_zσ)_i

ω_{j9i} = −C^{−1}Λ_{(ij)} + C^{−1}AM_{(ij)} + C 2 (Dσ)_{ij} (D.7) ω_{+ij} = −LM_{[ij]} − 1 2 [ Dν − DB ∧ σ + 1 2 DF ∧ (Aσ − λ) ] ij ω_{−ij} = − L^{−1} 2 (Dλ − DA ∧ σ)_{ij} ω_{9ij} = −C^{−1}Λ_{[ij]} + C^{−1}AM_{[ij]} − C 2 (Dσ)_{ij} ω_{kij} = ω̃_{kij} + σ_{[i}Λ_{|k|j]} + σ_kΛ_{[ij]} + σ_{[i}Λ_{j]k} − − (Aσ − λ)_{[i}M_{|k|j]} − (Aσ − λ)_kM_{[ij]} − (Aσ − λ)_{[i}M_{j]k} , (D.8) where ω̃ denotes the spin connection of the base space.

References

[1] J.P. Gauntlett and S. Pakis, The geometry of D = 11 Killing spinors, J. High Energy Phys.

04 (2003) 039 [hep-th/0212008].

[2] J.P. Gauntlett, J.B. Gutowski, C.M. Hull, S. Pakis and H.S. Reall, All supersymmetric solutions of minimal supergravity in five dimensions, Class. and Quant. Grav. 20 (2003) 4587 [hep-th/0209114].

– 26 –

[3] J.P. Gauntlett and J.B. Gutowski, All supersymmetric solutions of minimal gauged supergravity in five dimensions, Phys. Rev. D 68 (2003) 105009 [hep-th/0304064].

[4] J.B. Gutowski, D. Martelli and H.S. Reall, All supersymmetric solutions of minimal supergravity in six dimensions, Class. and Quant. Grav. 20 (2003) 5049 [hep-th/0306235].

[5] M.M. Caldarelli and D. Klemm, All supersymmetric solutions of N = 2, D = 4 gauged supergravity, J. High Energy Phys. 09 (2003) 019 [hep-th/0307022].

[6] H.S. Reall, Higher dimensional black holes and supersymmetry, Phys. Rev. D 68 (2003) 024024 [hep-th/0211290].

[7] K.P. Tod, All metrics admitting supercovariantly constant spinors, Phys. Lett. B 121 (1983) 241.

[8] K.P. Tod, More on supercovariantly constant spinors, Class. and Quant. Grav. 12 (1995) 1801.

[9] G.W. Gibbons and C.M. Hull, A bogomolny bound for general relativity and solitons in N = 2 supergravity, Phys. Lett. B 109 (1982) 190.

[10] S. Salamon, Riemannian geometry and holonomy groups, Pitman Research Notes in Mathematics 201, Longman, 1989.

[11] T. Friedrich and S. Ivanov, Parallel spinors and connections with skew-symmetric torsion in string theory, math.DG/0102142.

[12] J.P. Gauntlett, N.W. Kim, D. Martelli and D. Waldram, Fivebranes wrapped on slag three-cycles and related geometry, J. High Energy Phys. 11 (2001) 018 [hep-th/0110034].

[13] S. Ivanov, Connection with torsion, parallel spinors and geometry of Spin(7) manifolds,

math.DG/0111216.

[14] T. Friedrich and S. Ivanov, Killing spinor equations in dimension 7 and geometry of integrable G2-manifolds, math.DG/011220.

[15] J.P. Gauntlett, D. Martelli, S. Pakis and D. Waldram, G-structures and wrapped NS5-branes,

hep-th/0205050.

[16] S. Gurrieri, J. Louis, A. Micu and D. Waldram, Mirror symmetry in generalized Calabi-Yau compactifications, Nucl. Phys. B 654 (2003) 61 [hep-th/0211102].

[17] G.L. Cardoso et al., Non-kaehler string backgrounds and their five torsion classes, Nucl.

Phys. B 652 (2003) 5 [hep-th/0211118].

[18] P. Kaste, R. Minasian, M. Petrini and A. Tomasiello, Nontrivial RR two-form field strength and SU(3)-structure, Fortschr. Phys. 51 (2003) 764 [hep-th/0301063].

[19] J.P. Gauntlett, D. Martelli and D. Waldram, Superstrings with intrinsic torsion,

hep-th/0302158.

[20] P. Kaste, R. Minasian and A. Tomasiello, Supersymmetric M-theory compactifications with fluxes on seven-manifolds and G-structures, J. High Energy Phys. 07 (2003) 004 [hep-th/0303127].

[21] D. Martelli and J. Sparks, G-structures, fluxes and calibrations in M-theory, Phys. Rev. D 68 (2003) 085014 [hep-th/0306225].

– 27 –

[22] K. Behrndt and M. Cvetič, Supersymmetric intersecting d6-branes and fluxes in massive type-IIA string theory, Nucl. Phys. B 676 (2004) 149 [hep-th/0308045].

[23] C.N. Gowdigere, D. Nemeschansky and N.P. Warner, Supersymmetric solutions with fluxes from algebraic Killing spinors, hep-th/0306097.

[24] K. Pilch and N.P. Warner, Generalizing the N = 2 supersymmetric RG flow solution of IIB supergravity, Nucl. Phys. B 675 (2003) 99 [hep-th/0306098].

[25] J. Gutowski and G. Papadopoulos, AdS calibrations, Phys. Lett. B 462 (1999) 81 [hep-th/9902034].

[26] J. Gutowski, G. Papadopoulos and P.K. Townsend, Supersymmetry and generalized calibrations, Phys. Rev. D 60 (1999) 106006 [hep-th/9905156].

[27] O. Barwald, N.D. Lambert and P.C. West, A calibration bound for the M-theory fivebrane, Phys. Lett. B 463 (1999) 33 [hep-th/9907170].

[28] E.J. Hackett-Jones, D.C. Page and D.J. Smith, Topological charges for branes in M-theory, J.

High Energy Phys. 10 (2003) 005 [hep-th/0306267].

[29] J. Figueroa-O’Farrill and G. Papadopoulos, Maximally supersymmetric solutions of ten- and eleven- dimensional supergravities, J. High Energy Phys. 03 (2003) 048 [hep-th/0211089].

[30] R. L. Bryant, Pseudo-Riemannian metrics with parallel spinor fields and non-vanishing Ricci tensor, math.DG/0004073.

[31] J.P. Gauntlett, N.D. Lambert and P.C. West, Branes and calibrated geometries, Commun.

Math. Phys. 202 (1999) 571 [hep-th/9803216].

[32] J.P. Gauntlett, N. Kim and D. Waldram, M-fivebranes wrapped on supersymmetric cycles, Phys. Rev. D 63 (2001) 126001 [hep-th/0012195].

[33] M.J. Duff, H. Lu, C.N. Pope and E. Sezgin, Supermembranes with fewer supersymmetries, Phys. Lett. B 371 (1996) 206 [hep-th/9511162].

[34] M. Cvetič, H. Lu and C.N. Pope, Brane resolution through transgression, Nucl. Phys. B 600 (2001) 103 [hep-th/0011023].

[35] J. Gomis, T. Mateos, P.J. Silva and A. Van Proeyen, Supertubes in reduced holonomy manifolds, Class. and Quant. Grav. 20 (2003) 3113 [hep-th/0304210].

[36] K. Becker, A note on compactifications on Spin(7)-holonomy manifolds, J. High Energy Phys.

05 (2001) 003 [hep-th/0011114].

[37] M. Cvetič, G.W. Gibbons, H. Lu and C.N. Pope, Ricci-flat metrics, harmonic forms and brane resolutions, Commun. Math. Phys. 232 (2003) 457 [hep-th/0012011].

[38] J.P. Gauntlett, R.C. Myers and P.K. Townsend, Supersymmetry of rotating branes, Phys.

Rev. D 59 (1999) 025001 [hep-th/9809065].

[39] J.M. Figueroa-O’Farrill, Breaking the M-waves, Class. and Quant. Grav. 17 (2000) 2925 [hep-th/9904124].

– 28 –